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Abstract A set of new matrix Lie algebra and its corresponding loop algebra are con-
structed. By making use of Tu scheme, a Liouville integrable multi-component hierarchy
of soliton equation is generated. As its reduction cases, the multi-component Tu hierarchy is
given. Finally, the multi-component integrable coupling system of Tu hierarchy is presented
through enlarging matrix spectral problem.

Keywords Matrix Lie algebra - Liouville integrable system - Hamiltonian structure -
Integrable couplings

1 Introduction

Professor Tu once proposed an efficient method for obtaining integrable Hamiltonian hier-
archies of soliton equation with infinite dimensions in [1]. Professor Ma [2] further devel-
oped the method and called it Tu model. By use of Tu model, some well-known integrable
Hamiltonian hierarchies were worked out, such as AKNS hierarchy, KN hierarchy, TC hi-
erarchy, BPT hierarchy, etc. [3—15]. With the development of soliton theory, the integrable
coupling is quite a new and significant subject, which originates from the investigation of
centerless Virasoro symmetry algebras of soliton equations. For a given integrable hierarchy
U, = K (u),we can construct a new bigger triangular integrable system as follows:

U =K(u),
{V,:S(u,v). M

This is usually called the integrable couplings of U, = K (u) if the system (1) is still an
integrable system. In this paper, we firstly construct a new multi-component matrix Lie
algebra, and denote it as A,y . Then it follows that a corresponding loop algebra Ay, is
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constructed. By use of Tu model, a multi-component integrable hierarchy is given, which is
Liouville integrable and possesses Hamiltonian structure. Finally, with the help of expanding

matrix Lie algebra, the integrable coupling of the above system is produced.

2 A New Matrix Lie Algebra and Its Application

First, we construct a multi-component matrix Lie algebra:

1= = 3 2== 5
2\0 —-E 2M x2M 2\E 0 2M x2M

1( 0 E) 0 1
e3 = — B E= . .
2\-E 0 2M x2M :

0
00 - 1/ yuum

[e1,e2]=e3, [e1,e3]=er, [e3,e2]=0¢y.

Definition 1 Set

W = (wij)uxm,

P (p(l) p(2))
= 3) 4) ’
P P 2M x2M

(©))

3
“)

p™ = (pf;’))MxM, n=1,...,4. We define the product of matrix W and P as follows:

wph  wp®
WP = < ) @ :
wp wp 2M x2M

In terms of (2), a loop algebra Az M 1s presented as

ei(n) =e;\",

[ei(m), e2(n)] = e3(m +n),
[e1(m), e3(n)] = ex(m +n),
[es(m), ex(n)] = e (m +n),
deg(e;(n))=n, i=1,2,3.

Consider an isospectral problem as follows

oxr=Up, & =0, U==2e/(1)+ Qe(0)+2Re(0),

1,
0 =(Qij))uxu, Qij=4qidij, R=Rij)uxm, Rij=ridij, &= {

)

=

and set
V=3 o(Anei(=m) + Byer(—m) + Cpes(—m)),
Ap=(Aiduxm, Aij :a,'(m)sija
B, = (Bij)uxm, Bij= bfm)(sij,
Cn=Cij)uxu, Cij= cf’")S,-j.

&)

©)

i=J
i#J,
)

®)
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Solving the stationary zero curvature equation
Ve=I[U,V] C))
gives rise to

Amx :_ZRCms

B,x = QCm - 2Cm+1»

Cux = 0B, —2RA,, — 2B,41,

Ag=E, By=Cy=0, A =0, B ,=—R, (C =0.

(10)

Set

n

vy = Z(Amel (n —m) + Byes(n —m) + Cpes(n —m)), (1
m=0

VO =var— v,
then (9) can be written as
Vv 4w, v =v® — [, v (12)

We find that the terms on the left-hand side in (12) are of degree > 0, while the terms on the
right-hand side in (12) are of degree < 0. Therefore,

—V{ +[U, V"1 =2Cp11€2(0) + 2B,.41€3(0). (13)
Taking V™ = Vf’) + A,, A, = R7"'B,,¢,(0), then the zero curvature equation
U — V™ +[U, V™ =0 (14)
leads to
W=(2) (A Y0, ) (M) 2 ()
T R 2M><Mt_ %R_laAn+1 N R718 0 Bn+1 N Bn-H '
(15)
From (10), the recurrence operator L satisfy

(%A)H»l) :L<%An> :<L11 L12> <%An> (16)
Butt Jomum By ) oviem Lov L Jypyom \ Be ) orren

1
Ly = (—3_1%85,-_;) o Lin=(207"ri08) 0

2 MxM

L —(lalaa--) L —(1 5) a7l =00"1=1
21 — ) r ij MXM: 22 = qu ij MXM’ = = 1.

Thus, the system (15) can be written as

_ Q) _ ( 0 )
U, = =JL . 18
(R 2M x Mt —-R 2MxM (1%)

If we taking M = 1, the system (18) reduces to the Tu hierarchy, therefore we conclude that
its the multi-component integrable system of the Tu hierarchy.

with

a7
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3 The Hamiltonian Structure of the System (15)

Denote
1 A B+C
V_Ael(0)+Bez(O)+Ce3(0)_§<B_C A ) (19)
A direct calculation gives
oUu 1 aU aUu
V,—)== A4, V,—)=B, V,—)=—-A. (20)
00 2 oR o

Substitute (20) into trace identity leads to

)
(—A) =277 (—AV 24). @1
(%) - \ B

Comparing the coefficient of the A"~ yields

5
(‘f) (A =(y =) ( B,,"> : (22)
SR

Let n =0 in (22) and find that y =0, so

5H, 14, 1
W = (23 ) , H,= ;An+l~ (23)

=

Hence, we obtain multi-component Hamiltonian structure of multi-component Tu hierarchy:

e whenn =1, Hy = (Hi))uxu, Hi; = —% ri,

o whenn =2, H, = (Hy)yxu. Hoi = —3 riq:.

Thus, the Hamiltonian structure of the system is given by

1 H,
A ) 1 1
5 An+1 _ n+
U _—J< - >_J s Hi = —— A, (24)

It is easy to verify that JL = L*J, therefore the system (18) is Liouville integrable.
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4 Integrable Couplings of Multi-Component Tu Hierarchy

We construct expanding matrix Lie algebra of (2)

R
1= , ) = , 3= ,
0 e/ yam 0 e/ pam 0 €3/ am
“=(5 %) ‘= ( ”) “=(o %)
4= , 5 = , 6= ,
0 0/, pam 0 0 4M><4M 0 0/, pam
(o %) (
e = — B = s
2\0 —E 2M x2M 2 2M><2M
. 1 ( 0 E) e
3=z , ,
2\-E 0 2M x2M
MxM
[er,er]=e3, [e,es]l=er, [e3,er]l=e;, [e,es]=es, [e1,e5] =es,
[er,e4] = —es, [er,e6]=—es4, [e3,e4]=—es5, [e3,e5]=0ey,
[e1, es] =[ea, e5] =[e3, e2] = [e3, e6] = [e4, e5] = [e4, es] = [e5, e2] = [e5, e6] = 0.
(25)
Definition 2 Set
(26)

W= (wij)Mst
KO gO g® g®
K® K© KD K®

K= K© g0 gdh  ga2 , 27

(13) (14) (15) (16)
K K K K 4M x4M

K™ = (K[-(;’))MxM, n=1,...,16. We define the product of matrix W and K as follows:

WK®  WK® WK® WK®
WK® WK®© WK WK®
WE=1 wk© wk© wgd wgo : 28)
WK wg wg1d wg1o
4M x4M

Then the corresponding loop algebra is given as follows:

ei(n)=er", [ei(m),e2(n)]=e3(m+n), [ei(m),e3(n)]=ex(m+n),

les(m), e2x(m)] = e (m+n), [ei(m), es(n)] =ec(m+n), [e1(m),es(n)]=es(m+n),

[e2(m), es(n)] = —es(m +n), [e2(m), ec(n)] = —e4(m +n),

les(m), es(n)] = —es(m +n), [es(m), es(n)] = es(m +n),

lei(m), es(n)] = [e2(m), es(n)] = [e3(m), e2x(n)] = [e3(m), es(n)] = [e4(m), e5(n)]
= [es(m), es(n)] = [es(m), ex(n)] = [e5(m), e(n)] =0,

deg(e;(n))=n, i=1,2,...,6.

(29)
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Consider an isospectral problem as follows

or=Up, A& =0, U=-2e(1)+ Qe (0)+2Re;(0) + Ses(0) + 2T e5(0),
0=Qijduxm, Qij=qidij, R=(Rij)uxm, Rij=ridij, (30)
S=(Sij))mxm, Sij =sidij, = Tij)uxmu, Tij=18;.
Set
V=3 o(Anei(—m) + By & (—m) 4 C,,&3(—m) + D,,&4(—m)
+ Fpes(—m) 4 G eg(—m)),
Ap=AiDuxm, A —a(m)tsm B, = (Bij)uxm, Bij :b(M)sij, 31
Cn=Cijduxm, Cij= C(m)(sm Dy, = (Dij)mxm» d(m)&;,
Fu=FpDuxm,  Fij= "85 Gu=(Gipuxu, GU =g"s;.

Solving the stationary zero curvature equation
=[U,V] (32)

gives rise to
Apy =—2RC,,

By = Qcm - 2Cerla
me = QBm - 2Bm+l - 2RAmv

D,x = —2RG,, —2TC,,, (33)
me = _2Gm+l + QGm + Scm,
Gy = —2F,41 + QF, —2RD,, + SB,, — 2T A,,,
A():E, B():C():D():FOZGO:O,
Bi=—R, Fi=-T, A =C=D=G;=0.
Set
v = Z(Amel (n—m) + Bp&x(n —m) + Cpn&3(n —m)) + Dyea(n —m)
m=0
+ Fpes(n—m) + Guésn—m)), V& =Va —v®, (34)

then directly calculation yields
—V + U, V"1 =2C112:(0) + 2B, 1125(0) 4 2G1125(0) + 2F,1126(0). (35)

Taking V® = V{" + A,, Ay = R7'B,118,(0) + (—(R™)?TB,sy + R F,11)24(0)
then gives

o AR 'B,4
U, = R _Cn+l
TS —3d(R™)*TBys1 + R Fupy
T ] svtme G 4AMxM
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° IR 0 0 1 Ans 3Ani
_ R_ 3 O 0 0 Bn+1 _ BV!+1
=l o —arvr 9k 0 || P |77 F (36)
0 0 0 -1 Ghp Gpy1
From (33), the recurrence operator L satisfy
3 Anst 3A, Ly Ly 8 8 3A,
By B, Ly Ly B,
=L = , 37
Fuii F, L3y Lz L3z L Fy 37)
G G, Ly 0 Ly Ly G,
where
1 1.,
Ly=Lyz=Lsy= q:9i; , Ly=||-590"¢0)d; ,
2 MxM 2 MxM
1 1
Liy=((207"r:0)8:;) /0> Ly = <<—a—a 2r,~)5,-,) ,
2 MxM
1 1
Ly = || -2 —2r,0" ;=0 )§;; s Ly =| 586 ,
Ti MxM 2 MxM
1 | 1 1
L3y = ——04+2r0 r; 5,']' s Ly = ——s5;—0 (3,‘] s
MxM 2n MxM
to=((=5)2:) = ((39))
43 = -z ij s 4 = =4qi )0ij .
2 ") i 2 ") v
Therefore, the system (36) can be written as
0 1A, 0
| R _ 21 B _ | —R
U = s =JL F =JL _r | (38)
T G, 0

t

When taking M =1 in (38), the system (38) is the integrable coupling system of the Tu
hierarchy. When taking M > 1, the system is the multi-component integrable couplings
system of the Tu hierarchy.

5 Conclusion

In this paper, we have obtained a multi-component Liouville integrable hierarchy by use
of the loop algebra (2). In a similar way to this paper we can get other multi-component
integrable system, we will discuss these problems in the future.
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